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1. Introduction 

The so-called AdS-CFT correspondence [§] is originated from the comparison of two 
different but dual descriptions of D-branes, namely as classical BPS solutions of effective 
supergravity in the low-energy limit of closed superstring theory and a direct treatment 
of Dirichlet branes as collective degrees of freedom in open superstring theory, whose low- 
energy limit are effectively some conformal field theories describing the lowest modes of 
open strings. From the viewpoint of closed string theories or supergravity, the system is 
a field theory in the bulk space-time, while in the viewpoint of the world-volume theory 
of Dirichlet branes the system is regarded as a field theory defined on a boundary of the 
bulk space-time. 

In the most typical case of AdSsX S^, the correspondence has been used to make 
various predictions for the behavior of 3+1 dimensional super conformal Yang- Mills theory 
in the large limit in its strong coupling regime Oym-^ ^ -^"^^ example, the masses 
of field excitations around the conformal invariant AdS background are related to 
the conformal dimensions of the physical operators of super Yang-Mills theory. Indeed 
the agreement between them is regarded as a strongest piece of evidence for the validity 
of the AdS-CFT correspondence. 

It should be stressed that the conformal symmetry plays a crucial role for establishing 
the connection between the correlation functions based on the ansatz proposed in [^] and 
P|, where Yang- Mills theory is assumed to live on the boundary of the AdS space-time. 
In the original discussion in use of Yang-Mills theory is justified as the description of 
D-brane interactions whose distance scales are much smaller than the string scale ig, by 
fixing the energy U = r/f^ of open strings in the limit of small ig, where, as is now well 
known, the higher string modes can be neglected. On the side of supergravity, this allows 
us to take the 'near-horizon' limit which approximates 1 + QgNi^/r^ = 1 + QsN/i'^U^ by 
gsN/£gU^. However, in the prescriptions of [@] and 0, we have to consider the 'boundary' 
of the near horizon region by taking the limit f/ — > oo. Obviously, this tacitly assumes 
that we can extend the correspondence of both descriptions up to the region where the 
near-horizon approximation begins to lose its justification, namely QsN/i'^U'^ ~ 1 or r ~ 
{ggNy^^is ^ is- This length scale exceeds the naive region of validity of the Yang-Mills 
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description for the dynamics of open strings. A possible support for this extension of the 
region seems to be the conformal symmetry: Once the correspondence is estabhshed at 
sufficiently small distance scales, one can enlarge it to larger distance scales to the extent 
that the conformal symmetry is valid on both sides. The condition r < (gsNY^^is places 
the limit for the validity of this assumption from the side of supergravity. Thus the basic 
assumption behind the AdS-CFT correspondence is that the correspondence between 
classical supergravities and Yang-Mills matrix models (or any appropriate conformal field 
theories) is extended to the whole 'conformal region' characterized by the near-horizon 
condition. Assuming this feature, the limit is not essential and we can adopt any 
convenient unit of length for discussing the AdS-CFT correspondence. 

The conformal symmetry can also be used to constrain [Q] the dynamics of (probe) 
D-branes themselves in the AdS background. It has been shown that the conformal 
symmetries on supergravity side and on super Yang-Mills side can be directly related 
from this point of view. For example, the characteristic scale {gsNy^^ig is shown to be 
obtained Q from the side of Yang-Mills theory without relying upon the correspondence 
with supergravity. The deeper meanings behind these conformal symmetries have been 
discussed from different viewpoints . For instance, the space-time uncertainty relation 
PI has been the motivation for extending the conformal symmetry to general D-branes in 
ref. 0. 

It has been discussed that the correspondence between supergravity and super 
Yang-Mills theories may be extended to other Dirichlet branes of different dimensions 
which are not necessarily described by conformally invariant field theory. From the view- 
point of the conformal symmetry, it was argued in ^ [|T^ that a certain extended version 
of conformal symmetry exists for general D-branes. The extended symmetry indeed is 
shown to be as effective for constraining the dynamics of probe D-branes in the back- 
ground of heavy D-brane sources as in the case of ordinary conformally invariant theory. 
Some aspects of the generalized conformal symmetry have been studied [|ll] from a variety 
of different viewpoints. 

The aim of the present work is first to substantiate the previous discussions of the gen- 
eralized conformal symmetry by establishing the correspondence between the excitation 
spectrum in supergravity around the background of a heavy DO source and the physical 
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operators in supersymmetric quantum mechanical model describing D-particles, namely, 
Matrix theory. We confirm that they behave as expected from the generalized confor- 
mal symmetry. Secondly, and more importantly, supergravity guided by the generalized 
conformal symmetry enables us to predict the explicit forms for the correlators of Matrix 
theory operators in a certain special regime of the large N limit. We will discuss the 
implications of our results for the dynamics of many D-particle systems and for Matrix 
theory from both the viewpoints of discrete light-cone quantization for finite and fixed 
N and of the large infinite momentum frame. We find some unexpected anomalous 
behaviors in the scaling properties in the large limit. 

It might be worthwhile to add a remark here. One of the unsolved problems in Matrix 
theory is to establish whether the model is consistent with 11 dimensional supergravity 
which is regarded as the low-energy description of M-theory. Since 10 dimensional IIA 
supergravity is the dimensional reduction of 11 dimensional supergravity, one might think 
that invoking supergravity-matrix model correspondence almost amounts to assuming the 
result. But that is not correct. The Yang-Mils matrix model is intrinsically defined only 
in 10 dimensional space-time, and therefore it is not at all evident what is the appropriate 
interpretation of the theory from the viewpoint of 11 dimensional M-theory. We can in 
principle test the idea of Matrix theory by checking whether or not the behavior of the 
matrix model in the large limit predicted by the generalized AdS-CFT correspondence 
supports the interpretation of the model as being defined at the infinite momentum frame 
in 11 dimensional space-time. 

The paper is organized as follows. In section 2, we briefly summarize the M-theory 
interpretation of the DO-brane matrix model and review the generalized conformal sym- 
metryz: Although most of the points there have already been discussed in previous works 
^ ^, |Ty], we hope that our discussion is useful for the purpose of clarification. We then 
analyze the possible regime of validity in which we can expect the correspondence be- 
tween supergravity and the Yang-Mills description of D-particles in the large A^ limit. In 
particular, we emphasize that we have to set an infrared cutoff of the order (ggNY^'^is 
in the strong coupling region QgN > 1 of the large A^ limit in applying the correspon- 
dence. In section 3, we present the results of a complete harmonic analysis of the bosonic 
excitations around the classical D-particle solution in type IIA supergravity in 10 dimen- 
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sions. In section 4, using the results obtained in the previous section, we discuss the 
correspondence of the matrix model operators with the supergravity fluctuations, and the 
possible implications of the results from the viewpoint of Matrix-theory interpretation. In 
Appendix, we give a brief summary of the definitions and basic properties of the general 
tensor harmonics. 

2. Generalized conformal symmetry and the large N limit in DO-matrix 
model 

Let us start from the standard matrix model action for D-particles 

S = J dtTi(^DtX,DtX, + i9Dt9 + - i^r,[^,X,]) (2.1) 

where Xj [i = 1, 2, . . . , 9) are the N x N hermitian matrices representing the collective 
modes of D-particles coupled with the lowest modes of open strings. In the present 
paper, we will use the A = gauge. The diagonal elements of the coordinate matrices Xi 
are interpreted as the 9 dimensional spatial positions of the DO-branes in 10 dimensional 
space-time. Alternatively, the same action can be interpreted [0 as the effective action 



for the lowest KK-mode of the graviton supermultiplet in 11 dimensional space-time in the 
infinite-momentum frame where the light-like momentum P_ = |(-Po — -Pio) is quantized 
by the unit 1/R with R = Qgig being the compactification radius along the 11th (space- 
like) dimension. For the 11 dimensional interpretation, it is more natural to rewrite the 
Lagrangian as 

L = Tr(^AX,AXi + z^^A^ + - ^9^j,[9,X,]), (2.2) 

and also the corresponding Hamiltonian as 

A^ 

H {= ~2P-) = RTTh = —Tth (2.3) 

using the 11 dimensional Planck length ip = g^^is- For any fixed finite gs, the infinite 
momentum limit P_ ^ oo requires to take the large A^ limit. The form of the Hamil- 
tonian implies that for the infinite momentum limit for finite g^ to be meaningful, the 
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spectrum of the operator Tr h in the large hmit must scale as in the low-energy 
(near threshold) region. In other words, the time must scale as N . Therefore it is im- 
portant to analyze the large-time behavior of appropriate correlators for the study of 



the Matrix-theory conjecture. The usual discussion [|T4| for justifying Matrix theory at 
finite N [|13| only deals with the (spatial) length scale smaller than the string scale. For 
example, such an argument is insufficient to explain the results |T3| |TB| of the explicit 
computations of D-particle scattering beyond one-loop approximation, in which the per- 
turbative approximation becomes better and better for larger distance scales. One of the 
most crucial issues of Matrix theory is to understand whether the theory can describe 
gravity consistently at large distance scales either in the finite or in the large limit. 

The space-time scaling property of D-particles [0 can be qualitatively summarized 
into an uncertainty relation in space-time 0] 

ATAX ~ ll, (2.5) 

between the minimum uncertainties AT and AX with respect to time and space, respec- 
tively. This relation is invariant under the opposite scaling of time and space 

Xiit) Xlit') = XXi{t), t-^t' = X^H . (2.6) 

The matrix model action is invariant under these scaling transformations if the string 
coupling is scaled as 

gs^9's = X'gs. (2.7) 
The scaling of the string coupling is just equivalent to the fact that the characteristic 
spatial and time scales of the theory are gl^^is = and g^^^^is, respectively, apart 
from dimensionless but string-coupling independent proportional constant. This can be 
derived by combining the space-time uncertainty relation with the ordinary quantum 
mechanical uncertainty relations. The space-time uncertainty relation may be regarded 
as a simple but universally valid underlying principle governing the short distance 
space-time structure of string/M theory. In 0, we have pointed out that the symmetry 
of the model and the space-time uncertainty relation can be extended to the special 
conformal transformation, 

5KXi = 2tX„ 5Kt = -t', 5Kgs = 6tgs. (2.8) 
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These symmetries are appropriate to be called as 'generalized conformal symmetry'. 

The same scaling properties exist on the side of supergravity solution too. From the 
point of view of 10 dimensional type IIA theory, the solution is expressed as 

dsl, = -e~^^/'df + e^'t'/^dxl (2.9) 

e'^ = Qse^ (2.10) 
= (1 + ^f^ (2.11) 

^0 = -^T^T^^ - ^2.12) 

and the charge q is given by g = Q{)Ti^{a'y/'^gsN for coincident D-particles. In the near 
horizon limit q/r'^ ^ 1 where the factor 1 + g/r^ is replaced by g/r'', the metric, dilaton 
and the 2- form field strength -Fjorfx* Adt oc Ir^dr Ndtj g\ are all invariant under the scale 
and the special conformal transformations 

r Ar, t ^ \-H, Qs ^ X^Qs, (2.13) 

5Kt = -e{e + ^), SKr = 2etr, SkQs = Qetg^ (2.14) 

which together with time translation form an 5*0(1,2) algebra. The additional term in 
the special conformal transformation does not affect the space-time uncertainty relation, 
but plays an important role ^ in constraining the effective action of a probe D-particle 
in the background metric ( |2.9| ). The mechanism how the additional term emerges in 



the bulk theory was clarified in refs. 0, |I0[ for general case of Dp -branes from the point 
of view of matrix models, namely, from the boundary theory. It should be emphasized 
that the new scale g^/^ oc (gsNY^'^ig which characterizes the radius of the near horizon 
region around the system of the source D-particles was thus derived entirely within the 
logic of Yang-Mills matrix models. This may be regarded as independent evidence for the 
dual correspondence between supergravity and Yang-Mills matrix models. 

As noted in previous works, the combination Qs/r"^ is invariant under the generalized 
conformal transformation, and hence the DO space-time metric can be regarded as a 
sort of 'quasi' AdS2X with a variable but conformally invariant Tadins proportional to 
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p = (gsNi^/r^y^^is oc (qe'^Y^'^. Equivalently, the DO metric in the near horizon hmit is 
related by a Weyl transformation to the true AdS2 x as 

dslo = iie'r^' [-ilf^^-^ + dnl] ^ e'^"ds\,s. (2-15) 

z = 2gi/V-5/V5. (2.16) 

This representation will be technically useful for performing the harmonic analysis in the 
next section. However, we have to be careful in considering the generalized conformal 
transformation using this metric, since the coordinate transformation ( |2.16| ) involves q 
which is not constant under the conformal transformation. In particular, the symmetry 
is not the isometry under any coordinate transformation. For example, taking derivative 
and performing the generalized conformal transformation are not commutative. To avoid 
possible confusions caused by this subtlety, it is safe to return to the original coordinate r 
whenever we discuss the conformal transformation of the fields. Note that in this picture 
the Weyl noninvariance of the theory, or the nonconformal nature of the theory, is canceled 
by the transformation of the string coupling constant. In other words, the Weyl factor 
itself is treated as being invariant under the generalized conformal transformation. 

Whether the transformations being accompanied by the change of the string coupling 
constant should be called as a symmetry transformation may perhaps be a matter of 
debate. Our viewpoint is that the above transformations must be interpreted in the 
whole moduli space of the vacua of perturbative string/M theory. The change of the 
string coupling (namely, the asymptotic value of the dilaton expectation value or the 
asymptotic value of the compactification radius along the 11th dimension) is interpreted 
as a change of the vacuum at infinity. The conformal transformation is a symmetry 
characterizing the short distance property of the theory, but it must be accompanied by 
a change of vacuum at large distance asymptotic region, depending on the D-brane states 
we are considering. Note that the linear time dependence of the dilaton to its first order 
is an allowed deformation of the vacuum in the flat space-time. Ultimately, the string 
coupling should be eliminated from the fundamental nonperturbative formulation of the 
theory. 

It is also worthwhile to point out that the scaling transformation of the generalized 
conformal symmetry is related to the discrete light-cone interpretation of the model with 
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fixed in the sense that the transformation is equivalent with the boost transformation, 
t \~H,R \^R,Xi Xi,£p ip and 4 ^~^^s, when we use the unit such 
that the 11 dimensional Planck length is fixed by changing the unit of length globally. 
Alternatively, we can use the unit such that the time is not changed. This leads to 
the transformation t ^ t, R ^ X'^R,Xi X^Xi^ip X^Cp and is ~^ ^is- The latter 
transformation is nothing but the redefinition proposed in | n | . 



Given now that there exists the same generalized conformal symmetry on both sides of 
the matrix model and supergravity, we can define the conformal dimensions of operators 
on both sides and consider the correspondence between the spectra of both sides by 
following the familiar prescription ||^ of computing the correlators of the matrix model 
using supergravity. Let us analyze the region of validity for the correspondence. 

Throughout the present paper, we will use the unit of length in which the string scale 
is is fixed, instead of the familiar convention of fixing the energy of the open strings 
stretched among D-branes. First for the supergravity approximation to be good, the 
curvature radius p must be larger than the string scale giving 

r < {gsN^/'is, (2.17) 

while the near horizon condition gives 

r < {gsXy/'is (2.18) 

If we further require that the effective string coupling which can be determined locally by 
the dilaton is small, we must have also 

gl/^N'Z-^is = gT{gsNY/Hs « r (2.19) 

which essentially demands that the effective local compactification radius along 11th di- 
mensions must be smaller than the string scale. This is necessary as long as we use the 
10 dimensional supergravity picture. Since the last two conditions ( ^.18| ) and ( ^.19| ) both 
have the same behavior with respect to N , the existence of finite region of validity for 
the correspondence always require that the string coupling constant must be very small 
<^ 1. This is especially true if one wishes to justify the Yang-Mills description of 
open strings which requires to go to much shorter distances than the string scale. Note 
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that the characteristic length scale of elementary processes of D-particle interactions is 
always expected to be g^^is- On the other hand, the first two conditions tell us that 
the extent to which the region of validity extends in the large distances depends crucially 
on whether QgN > 1 or QsN < 1. In the former strong coupling region, we have to put 
the infrared cutoff at r ~ {gsNY^'^is, while in the the latter weak coupling region that is 
r ~ {gsNy^^is- From the point of view of Matrix theory in which we wish to investigate 
the large- dynamics for fixed Qs, the former restriction is problematical, since it is ex- 
pected from a general argument based on the virial theorem that the typical extension 
of the system of D-particles is {gsNY^^is{^ (dsNY^'^is) for large gsN. We will come 
to this question later. To summarize, we must be in the region of small string coupling 
constant and large such that QgN ^ 1, in order to go beyond the string scale r > ig 
on the basis of the AdS-CFT type correspondence between supergravity and Yang-Mills 
matrix models. It is also important to recall the remark which was already stressed in 
the Introduction, that we consider the whole near-horizon region (or conformal region) 
till its limit characterized by {ggNY^'^is ^ ^s- This is also necessary for studying the 
Matrix-theory conjecture. On the other hand, as far as we remain in the weak coupling 
region QgN < 1, the region of validity of the supergravity-matrix model correspondence 
is restricted in the region below the string scale even if we take the large A^ limit. 

If we take the viewpoint of 11 dimensional M-theory and fix the Planck length £p = 
gl^^ig, the near horizon condition is r ^ g^^^'^^N^^'^ip which contains the small curvature 
region r <^ N^^^ip for sufficiently small string coupling for any fixed N. However, in the 
large A^ limit, these two infrared conditions can compete depending on the magnitude 
of ggN as explained above. Remember that in the case of D3 brane the infrared cutoff 
associated with the small curvature condition and that coming from the near horizon 
condition are governed by the same scale r ~ [ggNY^^^s ^ ^s-, in sharp contrast to the 
case of D-particles. In passing, the condition that the nonvanishing components of 11 
dimensional Riemann tensor (~ didj{q/r'^)) around the DO-metric are small compared to 
the characteristic curvature is 

^5/27^1/9^^ < r (2.20) 
which is weaker than the 10 dimensional condition (|2.19| ) only when A^ is bigger than 
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~ g^^^^^- Therefore we have to keep in mind that unless the latter condition is satisfied 
it could be dangerous to elevate the classical 10 dimensional supergravity to classical 11 
dimensional supergravity. In particular, this shows that in the ' t Hooft limit in which 
we fix QsN in taking the limit — * oo, we cannot lift up the theory to 11 dimensions, 
while, if we take the large N limit with a fixed but small Qs-, the 11 dimensional picture 
enables us to go beyond the 10 dimensional lower bound ( ^.19| ). This will be relevant for 
the discussion of the Matrix-theory conjecture at the end of the present paper. 

3. Harmonic analysis on D-particle background in type II A supergravity 

The idea behind the prescription 0] for computing the correlators of the Yang-Mills 
theory using supergravity is as follows. Suppose we study the system of a heavy source of 
N D-branes by putting a light D-brane far away {i.e., outside the near horizon region) 
from the source as a probe. Thus we are considering the U(A^ + 1) Yang-Mills theory 
broken down to U(A^) xU(l). On the side of supergravity, the effect of the probe can be 
treated as a perturbation around the background of the source D-branes. For the inner 
region near to the horizon, information on a given state of the probe can be encoded 
into the boundary condition {hi} for the independent set of the perturbing fields at the 
boundary of the near horizon region. From the Yang-Mills viewpoint, on the other hand, 
the perturbing fields produced by the probe should be coupled at the boundary to some 
independent set of operators of the Yang-Mills theory describing the source D-branes. 
This leads to the ansatz for the correlators of the Yang-Mills operators in Euclidean 
metric, as 

^-Ssaih] ^ ^expi j dtY,h,{t)0,it)})uiN), (3.1) 

i 

where Ssaih] is the supergravity action as the functional of the boundary value of the 
perturbing fields. Although it is not literally correct to say that either the source or probe 



D-branes do reside at the boundary, we can interpret the relation (3J.) as if the U(A^) 
Yang-Mills theory describing the source D-branes lives on the boundary. The conformal 
symmetries on both sides allow us to diagonalize the operators and the perturbing fields 
with respect to the conformal dimensions. 

In this section, we perform the diagonalization of the perturbing fields on the side of 
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supergravity by carrying out the harmonic analysis of the hnearized perturbations around 
the DO background. The calculation follows essentially the same method as in the case of 
non-dilatonic branes. See 0] for the typical case of AdS^ x S^. In the present paper, we 
only treat the bosonic perturbations. The reader who cannot be patient in following the 
details of the harmonic analysis might want to skip the rest of this section and directly go 
to section 4 where we discuss the correspondence between the spectrum of the fluctuations 
and the Matrix model operators and its implications. 

Let us start from the standard IIA supergravity action in 10 dimensions using the 
string frame (k^ ~ ds^^)^ 

(3.2) 

where we have written down only the bosonic part of the action and = dB2,F4 = 
dA^.Fi = F4 - A if3,F2 = dAi. Note also that jFpp = F^^^^.^^^F^^^"^ -^^ /p\. The 
nontrivial background fields exist for the metric, dilaton and RR 1-form fields. Although 
this is not compulsory, i it is convenient for the harmonic analysis to make the Weyl 
transformation ( |2.15| ) for the metric. We denote the metric of the transformed frame by 
^O^otoO Qj^f^ decompose the fields as ^f^*"*"'^ = Q^iv + h^y. Namely, we denote the background 
metric in the AdS frame by g^j^y and the fluctuation by h^y. For other fields similarly, we 
denote the background fields by using the original notation as 0, A^ and the fluctuations 
around them by putting 'hat' such as 0, A^. After the Weyl transformation the action 
takes the form 



S = ^ I d^\^ 



2k 



3.1 The fluctuations of metric, dilaton and RR 1-form fields 



. (3.3) 



We first consider the fluctuations of the metric, dilaton and RR 1-form field, since other 
fields without the nontrivial background fields are decoupled from them. The linearized 



"''We have explicitly confirmed that the final results for the dimensions and correlators are the same 
as those obtained using the metric without making the Weyl transformation. 
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equations for the fluctuations are listed below. 
+ ^0 {r + ^^"^.^ - ^9,^9^ - ^^,^eT^F,.F^^| - ^g'^e'^^F.^F^'^ = (3.4) 

6 fi 20 20 8 

+ \kR'"' + - ^^'^^^^ + ^^.'eT^F^F'^") 

+^'eT^ I^F';^^^ + \f^^F^' - \g^''F,,F'"^^ = (3.5) 

+-dp$F''P + DpF^f + -dp^F^'f = (3.6) 

They are obtained by the variations of dilaton, metric, and RR 1-form fields, respectively. 

Prom now on unless otherwise specified, we use the following conventions for denoting 
the tensor indices: /i,!/, . . . for full 10 dimensional contractions. i,j, ... for the metric on 
the sphere S^. Thus, for example, the covariant derivative Di is defined using only the 
metric of S^. The convenience of the AdS frame metric ds\^g is that the metric is 
completely decoupled from that of AdS2. Note however that our background is never the 
AdS2X itself: the Weyl factor induces complicated couplings between various modes. 
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in contrast to the case of 'non-dilatonic' D-branes where we can hnk the computations 
to the representation theory of (super) conformal algebra, and makes our analysis fairly 
nontrivial. Unfortunately, no analysis has been done on the group-theoretic aspect of the 
generalized (super) conformal symmetry. 

To analyze the spectrum it is necessary to fix the gauge. We adopt the following gauge 
conditions anticipating the simplicity of the harmonic expansion, 

D,{h'j - ^6]h'k) = 0, 

= D'h'i = 0, (3.7) 
D'Ai = 0. 

The reader should refer to Appendix for the connection of these gauge conditions and 
the harmonic expansion. The number of the fields are originally l(dilaton) +55 (met- 
ric)+10(RR 1-form). There are 10(metric)+l(RR 1-form) constraints coming from the 
field equations. The gauge conditions ( |3.7| ) eliminate 8 + 2 + 1 = 11 components. Thus 
we have 66 — 2 x 11 = 44 physical components. The result of the harmonic analysis on 

will show that for generic value of angular momentum there is one radial degree of 
freedom for the symmetric divergenceless and traceless tensor, two for the divergenceless 
vector and three for scalar, which indeed sum up to 44 total degrees of freedom. 

Using the standard general theory of tensor spherical harmonics, we can expand the 
fluctuations as 

K{xn = T.K{t,z)Y{x^), hl{xn=Y.blit,z)Y{x^), 

Aoixn = E«o(t,^)i^(xO, M^n = 

0(x^)=^^(t,z)y(x^), (3.8) 

h'iixn = Y.b%t,z)Y,{x'), h^ixn = Y.b'{t,z)Y,{x'), 

Mx^) = Y.a{t,z)Y^{x'), (3.9) 

h'.ixn - ls}h\{xn = Y.Kt,z)Yijix'). (3.10) 
14 



We note that the gauge conditions ( |3.7| ) ehminate the possible contributions coming from 
the derivatives of the harmonics with lower number of tensor indices. Here, Y, Yi and Yij 
are the scalar, vector and symmetric-traceless tensor harmonics of S^, respectively. Note 
also that we have suppressed the angular momentum index i in the harmonic expansion. 
See Appendix. 

It is appropriate to classify the coefficient functions in these expansions into the fol- 
lowing three categories : (1) scalar components (p3.8D, (2) vector components ( |3.9| ) and 
(3) tensor components (|3.10| ). Since these harmonic functions are mutually independent 
(orthogonal to each other), the linearized equations can be separated into the coefficient 
equations for each harmonic functions. There arise 16 coefficient equations. The equation 
for tensor components 6 is a single equation which is the symmetric traceless tensor part 
of the equation ( p.5| ) 

OK AK \ _ 

Yjk = 0, i>2. (3.11) 



+ '^z'dM - %d.b + (^ - 1)6 

o o o Z 



For the vector components {W,b^,a), we have four equations; three of them come from 
]) and one from (|3.6|) , given as 



^dAb' + -d^w - --d-.b' - --doV 

8 8 8z 8z 



, ^2 +2lj-b^--[^-j gsq-^zW,a = 0, £ > 1, (3.12) 

8 8 8 z 

+ (t + ^) + I " = 0' ^ ^ 1' ^3.13) 

1 1 1 Q 1 

- -dob^ - -d,¥ + V = 0, £ > 2, (3.14) 

2 2 lOz - ^ ' 

9 

+ ^ao9oa-^9Aa-^-5.a + (-Ay + 7)^a = 0, £ > 1. (3.15) 
4 4 4 z z-^ 

There are remaining 11 coefficient equations for 7 scalar components (6q, W^, b^, b], ao, a^, (p); 

the first of them comes from the dilaton equation ( p.4|) 

15 



19 

-eQ "^^g-§^l(aoa,-a.ao) + ^{^6° + ^6: + ^6i-^(p} = 0, £ > 0. (3.16) 
From the metric equation (|3.5| ) we have the following 7 equations 



19 

%.g-U(9oa,-9,ao) + ^{-^6:-^6H^y.}=0, i>0, (3.17) 



_ 2 9 



75 135 1 ^. 1 , 7 /2\-- 

-^c^odov?- ^-0;.V5-21— V9 + - ( - I s-sg (doa^ - 4ao) 



-259,9^6° + 70-a,6° - 98^6° + IhdMl - 70-d,bl + 168^6^ + 509o9,6° - 140-9o6° 

+ ^dodobi - ^dAbi + ^-d^ - ^l^bl - ^dodoif + ^d.d^if - 120-d,if + IQS^if 
8 8 S z z"^ 7 7 z 

19 

-28 Q %,g-t2;t(9oa,-9,ao) + ^{-^6°-^6:-y6H6y.} = 0, £ > 0, (3.20) 

19 

25^, n 25^,, 175^ „• 951. 75^ 7/2\-- 2 9 
" ~ " "6?^°^^ + + 14^°^ + 2 (5) = 0' ^ ^ 1' 

(3.21) 

25^ . 25^,0 175^,, 25 1,0 35 1,, 75^ 75 1 

9o6° H d^bY. H d^b\ 6^ H b^ d^oD H 09 

8 ^ 8 ° 64 82° 4 z ' 14 ^ 14 2^ 

7 /2\-f _2 9 

fif^g 5 2:5 00 = 0, « > 1, 

(3.22) 



2 V5 
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hi + \hl + h\ - = 0, £ > 2. (3.23) 



Finally, the RR 1-form equation (3^) gives the following 3 equations 



19 

175^ . 175 175 75^ /2\-- _2 i9,25„,^ ^ , 

-^•9^60 - + ~8~ ' ^ Y ~ V5/ ' {^S^aoa^ - <9^ao) 

+ ^-(5oa.-5,ao)-^ao} = 0, £ > 0, (3.24) 

— ^'^oC'o 8~ ° ^ ~8~ Y °^ 

9sq'^z^ I Y^o(<9oa^ - <9^ao) - -^a^ 1=0, £ > 0, (3.25) 

25 25 45 1 

-^5o«o + -jd^a, + —-a, = 0, i > 1. (3.26) 

In these equations, Xt, Ay and A5 are the eigenvalues of the scalar Laplacian on on 
the tensor, vector and scalar harmonics respectively, 

A, = -£{£ + 7) + n„ (3.27) 

with TT-T = 2, ny = 1 and ns = 0. 

Let us now analyze the spectrum using these equations. First, we treat the symmetric 



traceless tensor mode b. The equation is already diagonalized as given in (|3.11| ) which 
is solved by modified Bessel functions. The solution in the Euclidean space-time {t 
—ir, uiM — ^ iijj) which is regular at the origin is 

6 = 7^1(2^+7) (cj2)e-*'"^ (£ = 2,3,...). (3.28) 

For the vector modes, we shall first analyze the special case £ = 1. We have 3 equa- 
tions (p.l2|) , (|3.13|) and (|3.15|) for 3 variables 6°, 6^, a. However, there is a residual gauge 



symmetry corresponding to the Killing vector on 

eo = e. = o, i, = cYt'\ 

by which the fields are transformed as 
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One of the three variables can be gauged away using this residual symmetry and another 
one is determined by the constraint equation, so we expect one physical degree of freedom. 
By examining the equations ( 3.12 ) and ( |3.13 ), we first note that they are rewritten as 



d, {b + 7a} = 0, do {b + 7a} = 0, 
where a and b are defined by 



9sa, (3.29) 

9 

-qh-l (^^) ' l^ofo" + 9,6° - . (3.30) 



Thus, we can set 



b + 7d = C (constant). (3.31) 
Using ( |3.31| ) we can eliminate b from ( |3.15D and derive 



dzdzO. — dodott + --d^a + — — -{a + C) = (3.32) 



9 1. 252 1 

OzCL H 

5z " 25 ^2 
which is solved as 

a = z--^Kw{ujz)e-''^\ (3.33) 

We have set the constant C = by invoking the boundary condition (see section 4) 
that the action evaluated with the solution have no contribution from the boundary 
at the origin {z —>■ oo). This condition which we always assume in the present work 
essentially amounts to requiring that the self-adjointness of the kinetic operator is not 
violated at the core, i.e, inside boundary z oo. That is in general the natural boundary 
condition at points where the classical solutions are singular. For such an analysis of linear 



perturbations around singular classical solutions, we would like to refer the reader to ||19 

Now for the generic case i > 2, there are four equations for three variables. First 
it is easy to check that the set of the equations are consistent by showing that ( p.l4| ) is 



derived from ( |3.12| ), ( |3.13| ) and ( |3.15| ). Since two of them ( p.l3[ ) and ( p.l5[ ) contain time 



derivative of second order, we note that there are two physical degrees of freedom. To 
obtain the diagonalized excitations, we make a linear combination of the derivatives of 
(|3l^) and ( gl3D which reads 



dzdzib + 7a) - dodoib + 7a) + ^-9,(6 + 7a) + ^{-({i + 7) + 8}\b = 0. (3.34) 

b z 25 z'^ 



The coupled equations ( ^.15| ) and ( |3.34] ) can be diagonalized by defining 



ai = a-(£+l)6, (3.35) 
ci'2 = a+-^b, (3.36) 



and the solutions are given by 



ai = z-^oK^e^j^{ujz)e-''^^, (£ = 1,2,...) (3.37) 
d2 = z-^K 2 ^{uz)e-''^^, (£ = 2,3,...) (3.38) 

5 

where we have included also the i = 1 mode. 

Let us next turn to the scalar modes. We shall start by examining the modes with 
lowest angular momentum £ = 0. There are 7 equations for 7 variables ip, feg, 6°, bl, b], 
and a^. As in the vector case, we have to examine the residual gauge symmetry for the 
equations. There are two kinds of residual gauge symmetries. One is the two dimensional 
diffeomorphism for which the gauge parameter is of the form 

which leads to 

56° = 2aoC° - 2-C, 5b', = -doC + d-X\ 5bl = 2d-X' - 2-C\ Sb^ = 0, 

21 1 ^ 1 , 2 , 14 2 14 r >n 14 1 ^ 1 ,2 , 14 2 14 _ .n 

The other is the RR 1-form gauge transformation 

A = AF(^=°), 

which leads to 

6aQ = doX, 6az = dzX- 

As in the vector case, 3 variables can be gauged away using this gauge freedom and another 
3 variables will be determined by the constraints. We thus expect only one physical degree 
of freedom. For £ = 0, we note that ( p. 24] ) and ( |3.25| ) can be rewritten, respectively, as 



9^ { -ho - Ik + lb] + 6<^ - C^) ' gsq-hf{doaz - d^ao) } = 0, (3.39) 



2 ^ 2^2' " V5 
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Ik + 1^ + - 



19 
5 



0. 



(3.40) 



Therefore we can set the quantity in the parenthesis to be a constant (Ci 



7, 



7, 



2 * 



19 
5 



QsQ 5 5 {d^a^ - d,ao) = Ci 



2" 2 

which enables us to ehminate {doa^ — dztto). ( p.l9| ) can now be written as 



9n 



91 , 5^ 51 , , 15^ 
4z 4 4 2; 7 







and, using ( |3.41|) , (|3.17|) can be written as 



d. < z 



9 1 



hi - -dM 



4 2; 
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0. 



Thus we have 



9 1 , J, 5 ^ „• 5 1 „• 15 ^ ^9 



(3.41) 



(3.42) 



(3.43) 



(3.44) 



We can set the constants Ci = C2 = for the same reason as in the vector case. Combining 
the equations ( |3.16| ), ( |3.18D , ( ^.20| ) and using the constraints ( |3.4lD , ( ^.44[ ), we obtain the 
diagonahzed equation for a physical mode 6* 



9 1 392 1 

- dodobl + dAbl - --dzh\ - —-h\ = 0. 



(3.45) 



All the other variables can be gauged away or determined by the constraints. Indeed, if 



we adopt the gauge conditions 6q = bl 



ao 



0, the rest of the variables a^,b^,ip are 



determined by ( p.41| ), (|3.44|) , and another constraint equation which follow from ( p.l6| ), 
(CT) , (Q), dig) and ( CT 



dzdob'. 



0. 



2^ " " 4z ^ ' 2 

It is easy to check the consistency of the result by seeing that the set of the solutions 
obtained above actually satisfies the original equations. 

We can repeat the similar analysis for i = 1. In this case, there are 10 equations 
for 7 variables. We first check that 3 of them are consequences of the other equations: 
for i > 1, (|3T7|) + dll) + (13:251) ^ (p^), + + + §J^) + (pl) ^ 

(|3.22|) , (|3.24| ) + ( p.25|) ( p.26|) . There is a residual gauge symmetry associated with the 
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conformal Killing vector on S^, ( the so-called 'conformal diffeomorphism' [0). It is the 
diffeomorphism whose parameters take the form 



which leads to 

32 

56^ = -z'^dodoT] - zd^T], 5hl = -z'^dod^r] - zdoV, = z'^dAv + zd^r], 5h\ = —r] 
Sip = ^zd:,!], 5ao = 1 — {^)^qh~^zd,r], 6a, = l — {^)^qh~^zdor]. (3.46) 

We find two physical degrees of freedom for £ = 1 mode. Since the final result, however, 
is more conveniently summarized by using the dynamical modes for generic £, let us now 
turn to the case £ > 2. 

First, there are 11 equations for 7 variables. We can check that 4 of them are conse- 
quences of the other equations. In addition to the relations mentioned in the 1=1 case 
above, we have (^?^ + + (^^^ (^^?^ for £ ^ 1. Only 3 of the remaining 7 



equations are the equations of motion. The combinations of the 3 dynamical components 
which diagonalize the equations of motion are given as 



where 



/ = 9silr^'q-'/'z''/'idoa. - d.ao). (3.48) 



It can be checked that S3 is a gauge mode for £ = 1. That is, we can proceed in the same 
way as £ > 2 case if we impose ( |3.23|) using the residual gauge symmetry of the i = 1 
mode. However, there still remains a gauge symmetry which enables us to gauge away 
S3. Also, note that the result agrees with the analysis for i = 0. In this case, we impose 
( p.21| ), ( p.22| ), ( |3.26| ) and ( p.23| ) using the residual gauge symmetries. From the constraint 
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|3.41| ) and the gauge condition ( |3.23| ), we can see that S2 and S3 vanish for £ = 0. The 



final results for the equations and their solutions are summarized as 



1 {2i + 2iy 1 



-dodosi + d^d^si + -d^si — -si = 0, 



1 (2f + 7V 1 

dodoS2 + dAs2 + -d,S2 - ^ ^ -s^ = 0, (3.49) 
z 25 z'^ 

.1.1 ^.1.1 ^1/^ (2£-7)2l 

-dodoS3 + dAs3 + -OzSs — = 0, 

z 25 z^ 



si = 7^1(2^+21) (^'2)e"''^^ for £ > 0, 

52 = Ki(2^+7)(cj2)e~*'^^ for i>l, (3.50) 

53 = is:i(2^_7)(LU2)e-*'^" for £>2. 

5.^ r/ie fluctuations of NS-NS 2 form and RR 3-form fields 

Let us next study the fluctuations whose background flelds are trivial; = B^^ and 

^Ai*°p°''' — ^tivp- The equations of motions for NSNS 2 form and RR 3 form flelds are 



D'^ [e--^H„,,) + glD'' [A^e^'^ F^p^,) = 0, (3.51) 

(e^'^F^^.p) = 0, (3.52) 
respectively. The natural gauge conditions for performing the harmonic analysis are 

D'BQi = D'B^i = D'B,, = 

D'Ao,^ = D'Ao^j = D'A,,, = D'Ajk = (3.53) 

which make us possible to expand as 

Bqz = (3ozY, Boi = (3oYi, Bzi = (3zYi, Bij = (3Y[ij] 

Aozi = aozYi, Aoij = aoY^ij], Azij = azY^ij], Aijk = aY[ijk] (3.54) 

where Yi, Y^ij] and Y^ij^] are called 1-form, 2-form and 3-form harmonics respectively 
whose deflnitions and properties are summarized in Appendix. For notational brevity, we 
abbreviated the sum over i. 
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We first comment on the counting of tlie degrees of freedom. The number of the fields 
are originally 45 (5^;/) + 120 (A^j^^p). There are 8 (-B^jy) + 28 (Afj^^p) constraints coming 
from the field equations, and the gauge conditions (|3.53|) eliminate 9+36 components. 
Thus we have 84 physical components. In terms of the expansion by spherical harmonics, 
we will see that for the generic case {i > 1) there is no radial degree of freedom for the 
scalar, one for 1-form, two for divergenceless 2-form and one for divergenceless 3-form, 
which indeed sum up to 84 degrees of freedom. 

As in the previous subsection, let us start from the case of lowest angular momentum. 
From the definition, there is no £ = contribution for p-form harmonics with nonzero p. 
Therefore, only possibility for i = mode is the scalar component (3qz- However, it is 
easy to see that the scalar component Poz can be gauged away using the residual gauge 
symmetry for JB^i, with parameter 

Ao = AoF(^=°), A. = A.r(^=°) A, = 0. 

which leads to 

5poz = doXz - dzXo- 

Thus there is no £ = mode in the physical spectrum. 

Now, we shall analyse the generic i > 1 case. The equations listed in the rest of this 
section are valid for i > 1. The component equations for the scalar harmonics are 



Poz = 0, (3.55) 

dzf3oz - -Poz = 0, (3.56) 

doPoz = 0, (3.57) 

which are solved trivially by 

Poz = 0. (3.58) 

The equations for 1-form harmonics are 

dzdzPo - dzdoPz - -dzPo + -doP. ~^{i + Q)ii+ l)\Po = 0, (3.59) 

z z 2b z^ 

dzdoPo - dodoPz - ^{i + 6)(£ + l)\aoz = 0, (3.60) 
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doPo - d^oiQ:, + 3^ao^ = 0, (3.61) 

«o. - = 0, (3.62) 

dz{&Qz - Pz) - ^-i&oz - Pz) = 0, (3.63) 
5 z 

doiaoz - Pz) = 0, (3.64) 
where we have defined 

/2\"~ „2 14 ^ ^ 

ao2 = fl's(-| g ''Z^aoz. (3.65) 

There are six equations for three variables. The consistency of the equations is proved 

by noticing that ( |3.61|) is derived by (|3.59| ) and ( |3.60| ), and that ( |3.63| ) and ( |3.64| ) are 



consequences of ( p.62| ). Using the similar arguments as in the previous subsection, this 
shows that there is only one physical degree of freedom. The radial equation is obtained 
by combining 2;-derivative of ( p.59| ) and 0-derivative of ( |3.60|) 



1 f2i + 7)^ 1 

dzdzU + -d^u - dodou — -u = 0, (3.66) 

z 25 z^ 



where 

u = d,(3o - doP.. (3.67) 

The solution is 

u = i^i(2£+7)(^-2) e"*"^^- (3.68) 
For the 2-form modes, there are four equations for three variables /3, ao and az- 

-dodoP + dzid.ao - doa,) - ^i(9,«o - 5o«.) + + 2)\ao = 0, (3.69) 

b z 25 

27 1 - 4 1 - 

-dzdzP - --dzP + -{i + m- 2)-P 

z z 

+dz{dzao - doa,) + ^-{d^ao - doa,) - ^{i + 5){i + 2)\ao = 0, (3.70) 

b z 25 z"^ 

-dodj - ^-do$ + doid^ao - doa,) - ^{i + 5)(£ + 2)la, = 0, (3.71) 
b z 2b z^ 

3 1 

-(9o/3 + 9oao - ^^a^ - 7-«2 = 0, (3.72) 

5 z 



where 



1 (2\^ 2 14 , , 

= - - q-^z--i5. 3.73 

gs v5y 



24 



The consistency of the equations can be proved by checking that ( p. 721 ) is derived from 
(|3.7C1|) and ( p.71|) . There are two physical components. 

To solve the equations, we define the combination di = z{dzaQ — SqUz — dzP). From 
(ICTI) and ( CT) , we find 



dodoP + dzdzP + ^-dj - + m- 2)\p - ^\a, = (3.74) 



5 z 



25 



5 



and, from and (|m| ) 



131 



14 



-dodoa,+dAa,+—-dza^- — ii+5)i£+2)-a,-— -d^doP + dA(3 + —-8^/3 = 0. 

O Z ZO Z o K o Z ) 

(3.75) 
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The coupled equations ( p.74| ) and ( |3.75|) can be diagonalized by defining 



vi = z-^ (^d- ^(£ + 9)/3i, 
V2 = z-^ (^d + ^(£-2)/3i. 



(3.76) 
(3.77) 



which lead to 



1 4 1 

-dodovi + dzdzVi + -d-^vi - —f^vi = 0, 
z 25 z^ 

-dodoV2 + dzdzV2 + -dzV2 + 7f\v2 = 0. 

Z ZiO z 



(3.78) 
(3.79) 



The solutions are 



5 

V2 = i^2(f+7)(aJ2;)e 



(3.80) 
(3.81) 



Finally, for 3-form modes, there is only one equation for one variable 

- dodoa + dzdza + ^-d^a - ^{i + A)i£ + 3)^a = 0, 

Z ZiO z 



(3.82) 



which is solved as 



(3.83) 



We have completed the harmonic analysis of bosonic fluctuations around the DO back- 
ground. 
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4. Supergravity-Matrix theory correspondence 



We now try to establish the correspondence between 10 dimensional supergravity and 
Matrix theory in the large limit using the results of the harmonic analysis. We will 
follow the specific prescription in Euclidean metric given in by assuming that the 
'boundary' on the side of supergravity is located at the limit of the region of validity for 
the near horizon condition, namely, aX z = (r oc g^^^). Remember, as emphasized 
in section 2, that this is compulsory because we are interested in the region gsN > 1. 
Since the perturbing fields are diagonalized, we can discuss each diagonalized components 
separately. 

First we consider the traceless-symmetric tensor mode as a simple example and then 
present the general result. The relevant part of the action is 

9 

S = ^J dnsYm,g'''g"' J dr J dz ' gi^"! [d^d^ + dob' dob'' 

+ + (4.1) 

where we have introduced the indices /, J, labeling the harmonics that have been sup- 
pressed in the last section. The action evaluated for the classical solution which we call 
K can be expressed in terms of the boundary value of the field, 



K = ^CS'-" I dri'^y qi z-h'd^ Z . (4.2) 



- J V5. 

The harmonics are normalized as / dilsY/jY.-'/jig^^' g^^' = C5'' with C being a numerical 
constant independent of /, J and of g oc ggN . In what follows we always suppress the 
indices /. The solution b satisfying the boundary condition b{q^^'^ , t) = J due'^'^'^f^ is 

b{T,z)= ( duje~''^^K{z)f^ (4.3) 



where buj{z) is the solution of the radial equation normalized to 1 at the boundary {z —>■ 

7 

bL{z)= , (for ^ = 2,3,...). (4.4) 
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Then the action is evaluated as 



2 

--£ + (terms analytic in a;) 

5 



2fi 2^ 



+ (g7cj)5(2^+'^) j_2 5^ 5 J'n — + (terms analytic in cj) 



■ (4.5) 



The connected part of the two-point function of the operator of Matrix theory which 
couples to h is now given by the second variation of (|4.5| ) with respect to f^^. The leading 
part in the long-time region is 

(O(r)C(r')), = I duj [ rfcuW"'"' (C(cu)O(cu')), = - ( duo ( rfu; V"V"'"'-^-^i^[A] 



r(|£ + f) /2\f^i 



r — r' 5 ' 5 



where we have ignored the short time delta-function singularities coming from the analytic 
terms in uo as usual.! This result shows that the scaling dimension of the operator under 
the generalized scaling transformation r X^^t^Qs X^Qs is 

A = l + p. (4.7) 

The final results of all the modes including this case can succinctly be expressed in a 
unified manner as follows. 

The linearized action, up to a total derivative term which does not contribute to the 
large time behavior of the corrrelators, is 



where denotes each diagonalized field and CS^'^ comes from the normalization of each 
kind of the spherical harmonics. The diagonalized fields are redefined by making 
suitable scalings by powers of z such that they obey the Bessel equations without any 
pre-factor of z. We also note that, in terms of g^ the boundary condition at the inside 
boundary, r = or z — > oo, corresponding to the self-adjointness of the kinetic operator 
which enables us to extract the correlators from the near-horizon boundary, is zg^dzg^ 



§While we were preparing the present manuscript, we came to know that a similar result — 0) for 
Dl-brane has been given in a recent paper p3| for a certain particular mode of metric fluctuations. 
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0. The constant v is the order of the Bessel function. The leading part of the correlator, 
omitting numerical proportional constant, is 

^0{r)0{r')),^ = (4.9) 

giving the general formula for the scaling dimension of the operator O 

A = -1 + yZ/. (4.10) 

The results are summarized in the tables below. 



Table 1 



SUGRA fields 






<p,h''„hlhl,hi,Ao,A, 


physical modes 


b 


ai 




Sl 




■S3 


order u 


i(2£+7) 






^(2£ + 21) 


i(2£+7) 


i(2£-7) 


dimensions of O 


l + l£ 






5 + f£ 


l + f£ 


-3 + f 


regions of i 


i>2 


i > 1 


i>2 


i>0 


£> 1 


^>2 



Table 2 



SUGRA fields 


Boi , Bzi 


Bij ) A-Qij , Azij 


Aijk 


physical mode 


u 






a 


order v 


i(2£+7) 




, 


i(2^ + 7) 


dimensions of O 


l + li 






l + f£ 


regions of ^ 


e> 1 


e > 1 


i> 1 


i > 1 



We note that, up to a total derivative term, the above linearlized action ( ^.8| ) is 
equivalent to the s-wave part of the following special (Euclidean) action for a massive 
scalar field ip after making a scaling transformation ip — > exp(20/3)'?/', 

S=^J y^e-^%>'''d^^d,ij + m^e-'-^/V'] (4.11) 

where the mass is related to the order u by 

rh' + ^ = v\ (4.12) 
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with 25m^/4 = (— ] ^ m^. The total derivative term, being analytic in cj, does not 



contribute to the long-time behavior of the correlation function. Thus the relation between 
the mass and the generalized conformal dimension is 



10 49 

A = -l±^^m2 + ^. (4.13) 

For example, for the traceless-symmetric tensor mode, we have ^^^25"^^ choosing 

the branch of the square root such that A has the positive coefficient with respect to i. It 
is an interesting question whether the above mass can be related to the Casimir operator 
in the representation of the generalized conformal symmetry. 

We are now ready to discuss the correspondence of the spectrum of supergravity to 
the Matrix-theory operators. Various currents (more precisely ^"-integrated currents) 



of Matrix theory have been identified in the work |20| from the results of perturbative 
calculations for the interactions between pairs of general background configurations of 
Matrix theory. Let us quote their results below using their convention. We will only 
present the parts of the definitions to the extent that are needed in order to read off their 
generalized conformal dimensions. These operators have definite dimensions under the 
generalized conformal transformations. Note that the generalized conformal dimensions 
are not identical to the 'engineering dimensions'. For full expressions of these operators, we 
refer the reader to ||2^. Anticipating the correspondence with 11 dimensional supergravity, 
we will use their notations using the 11 dimensional light-cone indices. Corresponding to 
11 dimensional metric, we have 

T++ = ^STr(l), 

T+' = 4sTr(X,), 

T+- = -^STr(ix,X, + ■■■), 

T'j = isTr(XiX, + ■■■), (4.14) 
K 

= -^STr(ix,X,X, + ■■■), 

T = -—STr{FabFbcFcdFda + ---)- 
4ri 
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Corresponding to 11 dimensional 3-form, we have 
J^'' = ^STr(F,,), 

^ ^STr(F,,X, + •••), 
J''" = ^STr(-X,F,,-X,F,,-X,F,, + •••), (4.15) 
J — g^STr(XjXjtFfcj — XjXfeFfej + • • •). 

We have omitted the 6-form current since the supergravity fluctuations do not contain 
it directly. The convention is that the indices i,j, . . . run over 9 spatial dimensions, and 
the indices a, 6, ... do over the 10 dimensions (=time + 9 spatial dimensions). The field 
strength Fab thus consists of 2 part, Fq^ — Xi and F^ — [Xi,Xj\/l1. To avoid possible 
confusion, we remark that the light-cone indices on these operators must be interpreted as 
being for the current densities before integration. There is implicitly a hidden integration 
over x~ which is not manifest in Matrix theory. The generalized conformal dimensions of 
these operators are given in Tables 3 and 4. 



Table 3 



currents 




rp+i 


T+- 




rp~t 


T— 


dimensions 


-3 


-1 


1 


1 


3 


5 



Table 4 



currents 


j+ij 




jijk 




dimensions 


-1 


1 


1 


3 



Comparing the tables 3 and 4 with the tables 1 and 2, respectively, it is natural to make 
the identifications listed in tables 5 and 6 below between the Matrix-theory operators and 
the supergravity fiuctuations at the boundary. 
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Table 5 



Matrix operators 


rp + + 
''-i 


rp+i 


f+- 








SUGRA modes 


^3 




^2 






A 



Table 6 



Matrix operators 




7+-i 


jijk 




SUGRA modes 


I 

^2 


i 

U 


a' 


I 



The indices I in these tables denote the £-th component in the harmonic expansion. On 
the side of Matrix theory, the corresponding operators up to possible ordering ambiguity 
are, e. g., 

7;++,..., = -^STr(X,,X,,...X,, + ■■■), {l>2) 



1 

etc, 



Ttnn-.. = ^STr(X,X,,X,,...X,, + ■■■), (i > 2) 



where the coordinate matrices corresponding to the nonzero orbital angular momentum 
are normalized by dividing by the radial distance g^^^ of the boundary, Xj = Xj/g^/"^ which 
accounts for the coefficient 4/7 = 1 — 3/7 of £ in the formula of the generalized conformal 
dimensions ([4.7| ). The noncontracted spatial indices of the currents here only take the 
values from the 8 dimensional space instead of the full 9 dimensional space. Note also 
that the trace part of the noncontracted indices should be subtracted, corresponding to 
the 8 dimensional harmonic expansion. For example, the operator T^*-' in the Table 5 
must be traceless with respect to the symmetric tensor indices ij and to the orbital part, 
separately. The tilde on the operator T/~ = + cT/* indicates that this operator can 
mix 1^ S with the trace part of T^-' whose coefficient c cannot be predicted from our 



results alone. 

On the supergravity side, the components which have indices along the radial direction 
and also the ones with lower angular momentum than the restriction indicated in Tables 



^We would like to thank W. Taylor for a comment on this. 
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1 and 2 are either pure gauge modes or not independent physical propagating modes in 
the bulk. 

The agreement of the generalized conformal dimensions between the fluctuations of 
supergravity and the Matrix-theory operators is not surprising if we consider it from 11 
dimensional viewpoint of discrete light-cone quantization (DLCQ). The reason is (see the 
second paper in ref. [Q) that the scaling transformations ( ^.61 ) and ( |2.7| ) are equivalent, as 
was already mentioned in section 2, to the following boost-like transformation (Minkowski 
metric) 

t X-h, R X^R. Xi Xi. (4.16) 

Note that we have shifted from the original string unit to the new system of unit in which 
the 11 dimensional Planck length g^^is is kept invariant by making the global scaling 
transformation Xj X~^Xi, t —>■ X~^t, ig —>■ X^^is- This leads to g/r^ ~ i^p/R'^r'^ — > 
i%/ X'^R^r'^ . Then the 11 dimensional metric for small R, 

dsli = 2dx^dx^ + ^dx^dx^ + dx'^dx\ (4-17) 

{x~ = Xio — t,x~^ = (xio + 1)/2) corresponding to the classical D-particle solution is in- 
variant under the boost x~^ A^^x"*", R — X^R. Xi ^ Xi, which is almost equivalent 
to ( |4.1(j| ) except for the identification of the time variable, provided that we interpret the 
compactification radius R to be along the x~ direction x~ ^ x~ + 2'kR. . Although the 
reduction to 10 dimensions in general breaks the boost invariance by setting the dilaton 
to be of the form (|2.10|) , the symmetry is recovered in the near-horizon limit. In fact, it is 
easy to check that taking the near horizon limit in 10 dimensions is equivalent to modify 
the 11 dimensional metric ( [4.17| ) to 

ds\i = 2dtdx^ H — -dx~dx~ + dx^dx^, 

which is indeed invariant under ( [4.16| ). Remember that the lOD and IID metrics are 
related by ds^-^ = e~'^'^^dslQ + e'^'^^^{dxiQ — Aodt)"^. Thus we expect that the fluctuations 
around the D-particle solution in the near horizon limit is classified by the transformation 
property corresponding to the boost if we reinterpret the time as the light-cone time 
t ^ x^ which is understandable in the limit of small compactification radius R along 
the x~ direction. The dimensions indicated in the tables 3 and 4 agree precisely with 
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those expected from the boost transformation after making the shift corresponding to 
the change of unit: The resuhing dimensions are uniformly shifted by one unit from the 
generahzed conformal dimensions and are given by the formula 2(r?,_ +2 + 4£/7. The 
additional factor 2 corresponds to the hidden integration over . Thus the agreement 
of the dimensions on both sides is just as it should be. This provides strong evidence for 
the consistency of Matrix theory with the DLCQ interpretation for large A^, conforming 
to the results of perturbative calculations ||rB[ |TB[ at fixed A^. 

However, in general, the knowledge of the dimensions is not sufficient to fix the form of 
the correlators even for 2-and 3-point functions, in contrast to the case of usual conformal 
symmetry. Once the dependence on the coupling Qs is given, we would be able to fix 
the scaling behavior with respect to the time differences. Namely, the coupling constant 
dependence and the scaling behavior with respect to time are only simultaneously deter- 
mined. We should recall here that in the usual conformal case, the coupling constant is 
invariant under the conformal transformation, so that we cannot fix the coupling con- 
stant dependence of the correlators by conformal symmetry. We again need an explicit 
computation to determine it. Thus the strength of the constraint that the generalized 
conformal transformation puts on Green functions is not less than the one we had in the 
case of the ordinary conformal symmetry. For example, even though the Wilson loop in 
the case of AdSsxS^ exhibits the Coulomb behavior, AdS-CFT correspondence predicts 
p4| a very nontrivial behavior (gy^NY^'^, instead of gyj^^ of ^he free theory, for the 



effective (charge)^, suggesting the existence of a screening effect of factor I/QsN due to 
complicated large A^ dynamics. In a similar sense, our result ( [4.9|) for the correlators gives 
nontrivial predictions for the 2-point correlators of Matrix theory in the large A^ limit. 

We remark that in the particular problem treated in the present paper, it is actually 
possible to predict the Qs (and A^) dependence of two point correlators from the generalized 
conformal dimension A as 

(A+A,-3)/5 _ 

Us — ys 



where Ag = —1 is the engineering dimension of the operator, using the fact that, apart 
from the Newton constant k^, Qs only appears in the combination q oc QgNil. 

From a purely 10 dimensional viewpoint, we can consider the non-extremal black hole 
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solution corresponding to DO-branes pH], whose near horizon geometry is described by 



ds^ = -e-2^/3(l - C-^Y)dt' + e'^/'{l - ijYr'dr' + e^^'h^dnl (4.18) 

The Hawking temperature and the entropy is given, up to numerical coefficients, by 

Tn - {9sN)''/'Q-f"l-\ S ~ N\g,Nr'/\l,Tuf'\ (4.19) 

within the range of validity of the 10 dimensional picture 1 <^ gsNiTuis)^^ ^ N^^^"^ . 
The correlator ( [4. 61 ) for the traceless symmetric tensor part of the metric perturbation 
gives precisely the same and Qs dependencies in the part which is independent of i. 
The agreement may be regarded as evidence for the fact that the correlator corresponding 
to the energy-momentum tensor without mixing of other modes adequately counts the 
number of degrees of freedom in the low-energy regime of many D-particle dynamics. 

Let us finally turn to the crucial problem, namely, the possible implications of our 
results on the Matrix theory conjecture as originally proposed in As summarized 

in section 2, the basic assumption behind this conjecture is that the infinite-momentum 
frame (IMF) is achieved by taking the large N limit with the compactification radius along 
the 11th spatial direction being kept fixed. If the conjecture is valid, the large behavior 
must also be consistent with the different identification of the boost transformation in 
sending the system to IMF. Namely, the boost factor is proportional to A^, 

T~^Nr, P-^^P-, P+-^NP+, .... (4.20) 

Note that now R, ip and the transverse coordinates Xi are all fixed. This scaling is 
indeed consistent with the form of the Hamiltonian ( p^.4D as already reviewed in section 
2. This limit is, however, entirely different from the usual 't Hooft limit in which we keep 
gsN oc Qym^ fixed and then (|4.9|) would be proportional to A^^ as it should be. In the 
limit (|4.20|) , on the other hand, the 2-point functions behave quite differently as 

(C(r)O(r')) ^ Ar'^G(r-r'). (4.21) 

We parametrize the order i> of Bessel function as 

u = -(1 _n+ + n_) + — , 
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where n± is the number of hght-cone indices ± of the corresponding Matrix operators. 
Using this resuh, we can define the effective boost dimensions of the operators by 

6 11 
diMF = -(n+ - n_ - 1) - (- + 

The factor 1/7 in the last parenthesis is canceled by the normalization factor in the 
harmonic expansion, while the factor —1 in the first parenthesis should correspond to the 
hidden integration over x~ . It is now possible to assign the dimensions N^^^^ = N^'^N^^/^ 
to the upper light-cone indices ± respectively, and N'^^^ to each orbital factor Xj along 
5"* in the harmonic expansion. Namely, the dimension djMF is determined solely by 
the external space-time indices of the operator. This itself is a nontrivial phenomenon, 
suggesting that the large limit is indeed connected with some space-time symmetry of 
Matrix theory. It implies the validity of a large renormalization group equation of the 
following type 

+ - ^^*^^.*)] (^i(^i)^2(r2) ■ ■ ■ = 

1=1 ^ 

for general n-point correlation functions of Matrix theory before making the scaling trans- 
formation ( |4.20 ). 

However, the usual kinematics would require that the scaling factor associated to the 
light-cone indices be N"^^ instead of A^^^/^. How to interpret the anomalous factor A^='=^/^ 
is not clear to us. Is it correlated with the same power factor N~^^^ associated to the 
orbital factor along 5**^? In view of holography on the other hand, the latter behavior 
iV^^/^ is quite puzzling at least apparently, since the transverse size of the system 
should increase as the number of partons increases. It is not completely obvious to us, 
however, whether this implies an immediate contradiction with holography. It might 
indicate some kind of screening effect in the large N limit with respect to the effective 
sizes of the states for higher angular momentum as seen from physical operators. This 
is somewhat reminiscent of the behavior of the Wilson loop in the case of AdSs-SYM 
correspondence as mentioned above. Remember that the increase of transverse size under 
the boost usually associated with holography is itself a very puzzling behavior and certain 
screening must be operative for its resolution. 
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Let us examine the range of validity of the above predictions on the large IMF. 
We have emphasized in section 2 that the range of validity of the generalized AdS-CFT 
correspondence for Matrix theory is limited by an infrared cutoff of order (ggNY^'^is in 
the large N limit for QgN > 1. In the large limit with a small but fixed Qs, this 
cutoff is bigger than the transverse extension proportional to N^^^ of the typical states 
derived in mean field approximation (or N^^^^^ in the Thomas-Fermi approximation 
[p6| ) in effectivce theory for diagonal components, but is smaller than the more reliable 
estimate N^^^ obtained by use of the virial theorem which explicitly takes account 



into the fluctuations of off-diagonal components. Therefore, it seems that the limitation 
in the infrared region is rather serious. This strongly suggests that our results should 
be regarded as predictions for the correlators of Matrix theory put in a 'small' box from 
the point of view of the Matrix-theory conjecture. The anomalous scaling behavior may 
then be interpreted as an artifact caused by the finite size effect. The latter effect may 
contribute to the lessening of the degrees of freedom! 

On the other hand, in the short distance limit for the validity of the generalized AdS- 
CFT correspondence was ( p. 19 ) , rio = g^^N^^'^is < in the 10 dimensional picture. 



For a small but fixed Qs as required by the large A^ IMF, the lower limit increases in 
the same order as the near- horizon limit. This certainly makes dubious our procedure 
in extracting the correlators from the near horizon boundary. Formally, however, the 
contribution at the inside boundary still vanishes exponentially in the large A^ limit for 
fixed but sufficiently small Qg. Remember that we have normalized the solutions at the 
outer near-horizon boundary. It is also possible to take the limit such that both QsN — > oo 
and vanishing of the ratio of two distances, rx^jq^l'^ — > 0, are valid simultaneously in the 
limit of large A^ by allowing that gs slowly changes with large A^. This suggests that our 
result may be continued to the region of the large A^ IMF at least in the short distance 
region. Furthermore, we can improve the situation by going to the 11 dimensional picture. 
In the latter, the short distance condition for the validity of the classical approximation 
is (pD, m = ^f/27ArV94 < r. Since rn/g^/^ = ^8/i89Ar-2/63 ^ g (or ^n/g^/^ = 



20/189 jys/es _^ for A^ OO for fixed g^-, our procedure of extracting the correlators 
from the near-horizon boundary in this picture is safer than in the 10 dimensional picture. 



"For a further discussion on this point, see ref. |27 
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Do the limitations which we have discussed here explain the above anomalous behav- 
ior? Or is it related to a different limitation that we are considering the small coupling 
region R <^ ^pl Note that from the viewpoint of 11 dimensions the parameter R only 
appears as an overall scale factor of the Hamiltonian (|2.3|) . This seems to indicate that 
the scaling property might not be affected by the condition R <ti £p. In any case, it 
is necessary to clarify these problems before drawing definite conclusions on the Matrix 
theory conjecture from our predictions on the correlation functions. We hope that our 
predictions will be useful for future investigations. 
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Appendix 

Spherical harmonics on 

Any function defined on can be expanded into the set of the irreducible representa- 
tions of SO{N + 1), namely the spherical harmonics. We briefly summarize the definitions 
and the properties of the spherical harmonics. Details on the spherical harmonics in gen- 
eral dimensions can be found e.g. in [^. 

A scalar function (f){r, x*), where r is the radius of the sphere and {i = 1, + 
l;a;*a;* = 1) are normalized Cartesian coordinates on the sphere, can be expanded as 

= ^^(r)F(xO. (A.l) 
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Y is called the scalar harmonics whose explicit form is given by 

Y = C^,...miX^' ■ ■ ■ x™^ (£ = 0,1,...) (A.2) 

where Cmi...mi is totally symmetric and traceless in its indices. In what follows we set 
= 8. We have suppressed the indices which label the harmonics here and in the 
text for the sake of brevity. Note that harmonics with a given i transform irreducibly 
under S0{9) and the number of independent harmonics is given by the dimension of the 
representation. Spherical harmonics are the eigenf unctions of the Laplacian on the sphere 
(which corresponds to the second order Casimir of SO (9)). The eigenvalue evaluated on 
the unit sphere is 

D'D.Y = -£{£ + 7)Y. (A.3) 

A vector function Ai on the sphere can be written as a sum of the divergenceless part 
and the derivative of a scalar 

A = J2 air)Yi{x') + J2 air)D,Y{x'). (A.4) 

Divergenceless vector Yi is called the vector harmonics. The explicit form is given by 

Yn = Cnm-i...miX ■ ■ ■ X ^ (£=1,2...). (^-5) 

The coefficients Cnmi...me are antisymmetric under the exchange of the first two indices 
{n, mi), totally symmetric and traceless with respect to mi, . . . , mg. The first condition is 
to ensure that the vector is tangent to the sphere. We need £ > 1 to satisfy the conditions. 
The eigenvalue of the laplacian is 

DWjYi = [-£{£ + 7) + 1]Y, (A.6) 

If we impose the condition D^Ai = 0, the expansion must be 

A = Y.aY,. (A.7) 

which is easily verified using ( |A.3| ) and DiY^^^^^ = 0. 

Symmetric traceless tensor on is written as the sum of divergenceless part, derivative 
of a divergenceless vector and second derivative of a scalar. 

h^, - 9^Jhl = J2b{r)Y,,{x') + J2b{r){D,Y, + DjYi){x') +J2Hr){D,Dj - g^.D^' Dk)Y {x') 

(A.8) 
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The explicit form of the tensor harmonics Yij is given by 

Y — C r'"! • • • r"*^ — 2 S 1 f A Q^l 

The coefficients Cnin2mi...me must be antisymmetric under the exchange of (ni,mi) or 
(n2, 777,2) to ensure that the tensor indices are tangent to the sphere, symmetric under the 
exchange of (ni,n2) to make the tensor indices symmetric, and totally symmetric and 
traceless with respect to mi ... m^. We need £ > 2 to meet the conditions. The eigenvalue 
of the Laplacian is 

D'DkYij = + 7) + 2]Yij. (A. 10) 

If we impose the condition D^{hij — Qijh^ — 0, it can be proved that the expansion is 
reduced to 

h^,-g^,hl = Y.bY,J. (A.ll) 

Similarly, p-form Ai^,,,i^ {p = 1, 2, 3) can be written as the sum of the divergenceless 
part and the exterior derivative of (p — l)-form 

= E«%-M(^^) + E«^[n>^[^....g](^0 (A.12) 
The explicit form of the p-form harmonics is 

^ni...np] ~ Cm.,,npmi...m(^ ■ ■ ■ X ^ (■£ = 1, 2 . . .). (A. 13) 

The coefficients Cni...npmi...me antisymmetric under the interchange of mi with any one 
of rii, . . . , and totally symmetric and traceless with respect to(mi . . . m^). To meet the 
conditions, we need i > 1. Under the condition D'^'^Ai^_„i^ — 0, the expansion becomes 

The eigenvalue of the Laplacian is 

D^D.Yy,^,,,,^^ = + 7) +p]^^...^,]. (A.15) 
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